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Let Ed(z) = 1 + 240 C,“= i a,(n)q” and E6(z) = 1 - 504 I,“= I c5(n)qn, 
where q = e2niz, Im(z) > 0 and a,(n) = Cdln d’. Put g = E6/E4. We give a 
proof of the following proposition which is simpler and shorter than the 
original proof in [ 11. Assertion (1) is slightly sharper than Proposition 2 
in [ 11. Assertion (2) is Proposition 3 of [ 11. 
PROPOSITION. (1) For Im(z) 2 4, g(z) is real or co if and only if 
Re(z) E $H. 
(2) For Im(z) > 1, g(z) is not purely imaginary. 
Proof: First observe that g transforms like a modular form of weight 2, 
especially that g(z + 1) = g(z), and that g( -2) = g(z). Therefore it suffices 
to prove the results for 0 < Re(z) < 4. Consider g on the boundary of the 
hyperbolic triangle 
103 
D2 ” Dl ” 
i 
I 
0 
D,={zEClO<Re(z)<$,(zJ>l) 
596 
0022-247X/91 $3.00 
Copyright 0 I!+91 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
NOTE ON A PAPER BY DIAZ AND PHILIBERT 597 
with vertices ioo, i., o = eZnij6 = (1 + i 3)/2. Let k = 4, 6. The only zeros of 
E, on D, and on its boundary are o for E, and i for E,. From the defini- 
tion it is clear that the values E,(iy) and E,($ + iy) are real for y > 0, and 
that they are positive for y sufficiently arge. By continuity it follows that 
E,(iy) > 0 for y > 1, E,(& + iy) > 0 for y > i fi. Therefore, g maps the line 
from 
ice to i 
onto the real line segment from 
1 too 
otoico cc to 1. 
Now consider the edge of D, joining i to o. By g it is mapped to a curve ;I 
O=g(i) 1 =g(ioo) 00 =gh) 
g(D,) 
joining 0 to co. If z is on this edge but not a vertex, we have Z= z ‘, 
0 < Re(z) < i, z2 = a+ib with -1 <a< -4, b=(l -a2)1/2>0. It follows 
that g(z) = g( -5) = g( - l/z) = z’g(z); hence 
Wdz)) = --c Wdz)) 
b with c=-= 
l+a 
as a small calculation shows. Thus y is contained in the second or fourth 
quadrant. Since g’(i) = Ek(i)/E,( i) # 0, g is conformal at i, and therefore ;J 
is in the fourth quadrant. We conclude that 
g(Dl)c {wEC\Re(w)>O, Im(w)<O}. 
This proves (2), and it proves (1) for Im(z) > 1. 
Now let Sz= -z-l, Tz =z + 1, and consider g on the triangles 
D,= { -Z[ZED,} and SD,, ST-‘D,, ST ‘D,. Observe that g(Sz)= 
z’g(z), g(ST- ‘z) = (z - 1)2 g(z). Looking at the behaviour of g on the 
boundaries of these triangles it follows as above that g maps SD,, 
ST-- ‘D,, ST-ID, into the lower half plane and that for a boundary point 
z of one of these triangles, g(z) is real only if Re(z) is 0 or f. Since the 
lower edge of ST-ID2 is a circular arc with center 4 and radius f, this 
completes the proof of (1). 
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